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THE DEVELOPMENT OF GEOMETRICAL METHODS. 
XIII. 


AMONG those who have contributed to the development of 
Intinitesimal Geometry, Sophus Lie is distinguished by several 
important discoveries which place him in the first rank. He 
was not one of those who showed from childhood a very 
marked aptitude, and when he was leaving the University of 
Christiania in 1865, he was still hesitating between Philology and 
Mathematics. It was Pliicker’s works which made him fully 
conscious for the first time of his vocation. He published, in 
1869, his first paper on the interpretation of imaginaries in 
Geometry, and by 1870 he was in possession of the ideas which 
guided the whole of his career. 

At that time I often had the pleasure of meeting him, and of 
talking to him in Paris, which he was visiting with his friend, 
F. Klein. A course of lectures given by M. Sylow revealed to 
him the full importance of the theory of substitutions. The two 
friends studied this theory in C. Jordan’s great treatise. They 
were fully conscious of the important rédle that it was called 
upon to play in many branches of mathematical science in 
which it had not been as yet applied. They were both fortunate 
enough to succeed in giving to mathematical research the 
direction which appeared to them to be the most fruitful. 

In 1870 Sophus Lie presented to the Académie des Sciences 
of Paris an extremely interesting discovery. Nothing is less like 
a sphere than a straight line, and yet Lie had imagined a singu- 
lar transformation which made a sphere correspond to a straight 
line, and therefore enabled him to connect every theorem rela- 
tive to straight lines with a theorem relative to spheres, and 
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vice versd. In this very remarkable method of transformation 
each property relative to the lines of curvature of a surface 
gives a theorem relative to the asymptotic lines of the trans- 
formed surface. The name of Lie will remain connected with 
these relations, which connect one to the other the straight line 
and the sphere, the two essential and fundamental elements of 
geometrical research. He developed them in a Memoir full of 
new ideas which appeared in 1872. 

The investigations which followed this brilliant début fully 
confirmed the hopes which he had aroused. Pliicker’s concep- 
tion of the generation of space by straight lines, by curves, or by 
surfaces arbitrarily chosen, opens to the theory of algebraical 
forms a field which has not been explored, and to which 
Clebsch has barely begun to assign the limits. But by the 
study of Infinitesimal Geometry the value of this conception 
was fully shown by Sophus Lie. The great Norwegian geometer 
first found in it the idea of congruences and complexes of curves, 
and then that of contact trunsformations, the tirst germ of 
which he had found (for the case of the plane) in Pliicker. The 
study of these transformations led him, simultaneously with 
Mayer, to perfect the methods of integration which Jacobi had 
invented for partial differential equations of the first order ; 
in particular, it throws a dazzling light on the most difficult and 
obscure parts of the theories relative to partial differential equa- 
tions of a higher order. It enabled Lie, in particular, to integrate 
all the cases in which Monge’s method of characteristics is fully 
applicable to equations of the second order with two inde- 
pendent variables. 

By continuing the study of these special transformations, Lie 
was led to construct progressively his masterly theory of con- 
tinuous groups of transformations, and to bring to light the 
important réle played by the idea of groups in geometry. 
Among the essential elements of these researches I may point 
out the infinitesimal transformations, the idea of which was his 
exclusively. 

Three great treatises published under his direction by skilful 
and devoted collaborateurs contain the essential part of his work, 
and its applications to the theory of integration, to that of 
complex unities, and to non-Euclidean Geometry. 


XIV. 


Thus by an indirect path I have reached the non-Euclidean 
Geometry which is daily assuming greater importance in the 
researches of geometers. If I were the only speaker who is 
to address you on Geometry, I should be delighted to recall 
to your minds everything that has been done in this subject 
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from the days of Euclid or, at any rate, from the time of 
Legendre up to the present day. Discussed in turn by the 
greatest geometers of last century, the question has pro- 
gressively enlarged its borders. It began with the celebrated 
postulate of parallels; it ends with the geometrical axioms as 
a whole. 

Euclid’s Elements, which have resisted the wear and tear 
of so many centuries, at least will have the honour before 
they disappear of inspiring a long series of admirably con- 
nected treatises, which will contribute in the most efficacious 
manner to the progress of Mathematics. And at the same time 
they will provide philosophers with a sound and well-defined 
starting point for the study of the origin and formation of 
our knowledge. I am sure that my distinguished collaborateur 
will not forget among the problems of the present day that 
which perhaps is the most important, and to which he has devoted 
himself with so much success. To him I leave the task of 
developing it with all the fulness it assuredly merits. 

I have just spoken of the elements of Geometry. We must 
not forget the expansion they have undergone in the last five 
hundred years. The theory of polyhedra has been enriched by 
the beautiful discoveries of Poinsot on starred polyhedra, and 
by those of Mébius on single-faced polyhedra. Methods of 
transformation have widened the exposition of those elements. 
It may be said that the First Book now contains the ideas of 
translation and symmetry, that the second contains the theory 
of rotation and displacement, and that the third is based on 
inversion and the theory of homothetie figures. 

But it must be recognised that it is owing to Analysis that 
the Elements have been enriched by their tinest propositions. 
To the highest Analysis we owe the inscription of regular 
polygons of 17 sides, and analogous polygons. To it we owe 
the long sought-for proofs of the impossibility of the squaring 
of the circle, and the impossibility of certain constructions 
with the ruler and the compass. Finally, it is to Analysis 
that we owe the first rigorous proofs of the maximum and 
minimum properties of the sphere. Geometry will now inter- 
vene where it has been preceded by Analysis. 

What will the Elements of Geometry be like at the end of the 
century which has just begun? Will there be one single ele- 
mentary Geometry? Perhaps America, with its schools freed 
from the fetters of courses and traditions, will give us the best 
solution of this important and difficult question. Von Staudt 
has sometimes been called the Euclid of the Nineteenth Century ; 
I should prefer to call him the Euclid of Projective Geometry ; 
but will this Geometry, however interesting it may be, furnish 
us with the sole basis for the Elements of the future ? 
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XV. 

It is now time to bring to a close a summary that has 
already lasted too long, and yet there is a large number of 
interesting investigations which I have been compelled to pass 
over in silence. I should have liked to have told you of 
Geometries of any number of dimensions, the conception of 
which goes back to the early days of Algebra, but the systematic 
study of which was only begun some 60 years ago by Cayley 
and Cauchy. This subject of research has found favour in your 
country, and I need not remind you that your illustrious Presi- 
dent,* after having shewn himself a worthy successor of Laplace 
and Le Verrier, in a space which he with us considers as enjoy- 
ing three dimensions, has not disdained to publish in the 
American Journal of Mathematics considerations of the 
greatest interest on the geometries of » dimensions. There 
is one objection, and one only, which may be levelled at 
researches of this kind, and it has already been raised by 
Poisson: the absence of any real basis, of any substratum 
which will enable us to present visibly, and as it were 
palpably, the real results obtained. The extension of the 
methods of Descriptive Geometry, and especially the use of the 
conceptions of Pliicker on the generation of space will contribute 
to deprive this objection of much of its validity. 

I should also like to have spoken to you of the method of 
equipollences, of which we find the germ in the posthumous 
works of Gauss, of Hamilton’s Quaternions, of the methods 
of Grassmann, and in general of systems of complex unities, of 
Analysis Situs, so intimately connected with the theory of 
functions, of the so-called Kinematic Geometry, of the theory 
of Abaci, of Geometrography, of the applications of Geometry 
to Natural Philosophy and to the Arts. But I am afraid 
lest some analyst, as happened once before, may accuse 
Geometry of wishing to annex every field of research. 

My admiration for Analysis, now so fruitful and so powerful, 
prevents my even thinking of such a step. But if any such 
reproach can be formulated in these days, it should not be 
addressed to Geometry, but, | think, to Analysis. The circle in 
which at the beginning of the nineteenth century the study of 
Mathematics appeared to be enclosed has been broken on all 
sides. The old problems are presented to us in a new form; 
new problems arise, and are investigated by legions of workers. 
The number of those who study Pure Geometry has become 
prodigiously restricted. Here is a danger against which we must 
guard. Let us not forget that if Analysis has acquired means of 
investigation which sometimes play it false, it largely owes them 


* Professor Simon Newcomb. 
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to the conceptions introduced by Geometers. Geometry must 
not remain buried, as it were, under its triumph. In its school 
we have learned, and our successors will have to learn, that 
we must never blindly trust to methods that are too general; 
that we must look at questions in themselves, and find in the 
particular conditions of each problem, either a direct road to a 
simple solution, or the means of applying in an appropriate 
manner the general processes which it is the duty of science 
as a whole to accumulate. As Chasles writes in the preface to 
his Apergu Historique: “The doctrines of Pure Geometry 
often offer, and in a host of questions, that simple and natural 
method which, penetrating to the origin of truths, lays bare the 
mysterious chain which unites them one to the other, and makes 
them individually known in the most complete and luminous 
manner. 

Let us then cultivate Geometry, which has advantages all 
its own, and has no desire to outstrip its rival at every point. 
Besides, even if we tried to neglect Geometry, it would not be 
long before it found, in the applications of Mathematics, as 
it found once before, an opportunity of regeneration and 
development. Itis like the giant Antaeus, who grew stronger 
every time he touched his Mother Earth. G. DarBoux. 


PROF. BRYAN’S “MEAN RATE OF INCREASE.” 
A MECHANICAL ILLUSTRATION. 


THE Mean Rate of Increase which was investigated by Prof. 
Bryan in No. 48 of the Mathematical Gazette may evidently be 
thought of as the inclination of a straight line to an axis. The 
object of the following note is to point out an example in which 
this inclination naturally occurs. 

Consider a rigid straight rod suspended by vertical elastic 
wires P,Q,, P,Q,, ete., from points P,, P,, ete., which are not in 
the same horizontal plane but at depths y,, y,, ete., below a certain 
horizontal plane. Let the number of wires be 2m+1 and let 
P,Q, be the middle one. The following definitions: are also 
needed : 

k= Natural length of each wire. 
l= Mean length of the wires. 
a= Mean value of the ys. 
e= Hooke’s modulus of elasticity of wires. 
M= Mass of the rigid uniform rod. 
c= Distance between consecutive Q’s. 
= Inclination (supposed small) of rod to horizon. 
H2 


= 
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The equations of virtual work are found by varying / and @ in 
the expression 


(/2k) = (l+a+re0—y,—k)—Mg(I-+a) «......-. (1) 


The equations are 
(e/k)2(l+a—k+rc0—y,)=Mg 
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and Lre(l+a—k+rce0—y,)=0 
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Equations (2) and (3) could be found directly by resolving 
vertically and by taking moments about the middle point of the 
rod. 

Comparison with Prof. Bryan’s notation shews that the “mean 
rate of increase” of the y’s is the @ which is the inclination of 
the line of Q’s to the horizontal. It should be noticed that the 
result is independent of the modulus of elasticity of the wires. 

As a numerical example we may consider a girder suspended 
by equal elastic wires from points 1 metre apart and at depths, 
in mm., below a horizontal plane 


7'4, 6°7, 7:4, 7°3, 7°6, 8°6, 8°7, 85, 9°4, 88, 7°8. 
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Prof. Bryan’s calculation shews that the inclination of the 
girder will be 1°81x10-‘* in circular measure, and that the 
difference of level between the two ends of the girder will be 
1°81 mm. 

The definition of the mean rate of increase can easily be ex- 
tended to the case when y is a continuous function of x between 
limits «= +h. 

On applying the conditions that a and b are such that 


h 
| (y—a—ba)*dx 
-h 
is a minimum, it appears that the mean rate of increase is 


h 
b=al MEI -ivinresrcissamicetenbabernmenninenamiinan (4) 
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The mechanical illustration is extended to this case by 
supposing that the number of wires becomes infinite. Unfor- 
tunately this is not the same as substituting an elastic membrane 
for the wires. A fabric in which all the threads of the woof are 
vertical is a better representation, but departs from the ideal 
simplicity which is associated with continuity. 

F. J. W. WHIPPLE. 


MATHEMATICAL NOTES. 


165. [Li 3. a.] On the equation to the asymptotes of the general conic. 
The equation to the conic being 
S=ax? + 2hary + by? +294 + 2fy+c=0, 
the equation, referred to parallel axes through the centre, is 


ax? + 2hay + by? + 2 =0. 


Hence, with the centre as origin, the equation to the asymptotes is 
ax? + 2hay + by*=0, 
which may be written 


(az?+ 2hey +by?+2) -4=0. 


Changing the axes back to the original axes, this equation is transformed to 


A 
S-G=0, or CS=A, 


the well-known equation to the asymptotes of the conic S=0. 
R. H. Pinkerton. 
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166. [X. 4 ¢.] A glimpse of the Obvious. 
A simple diagram model for illustrating the significance of the arbitrary 
constant introduced by integration. 
a : mAs PQMM 
With the usual notation the increment of area ‘AA 


evidently intermediate between gt and Bie and hence in the 


in the figure is 


oe — dA , 
limit we have = =y=f(w) say; 


or, expressing the same fact in the integral language, 
A= | (x) dx. 


Now the second equation can assert neither more or less than the first. 
The first equation tells us the rate at which the area is growing, and is 
therefore independent of the point from which we commence to measure the 
area. Hence the second equation can only give an expression for the area 
measured from an undetermined starting point: and hence the reasonable- 
ness of the introduction of an arbitrary constant on integration is manifest. 

To determine the area comprised between the curve y=/(2), the axis of 
and the ordinates at z=a and at +r=b we have, 


[ supposing [ Fada = F(x)+ c| 


area from the undetermined starting point up to x=a is F(a)+C, 
s = w=bis F(b)+C; 
wherefore the required area is F'(b)— F(a). 

To illustrate these facts the curve (for instance I= 2) and the co- 
ordinate axes are drawn in black on a sheet of paper, and the corresponding 
integrated equation (here y=tan~'zr) and the axis of y are drawn in red to 
an identical x scale on a sheet of tracing linen. 

Placing the tracing cloth over the other figure so that the y axes are super- 
posed it is easily seen that the ordinate of the red curve atany point gives the 
“area of the black curve” up to the corresponding value of x, from a starting 
point determined by the intersection of the red curve with the axis of x; and 
that this statement holds good however the tracing cloth is moved up or 
down, provided the y axes are kept superposed. The meaning of the ex- 
pression above for the area between the curve, the axis of x and two given 
ordinates may be illustrated in like manner. It may be worth while to give 
a still simpler illustration by using as the black line y=m and as the red line 
Yy=mMn, C. S. Jackson. 


167. [K.13.a.] Remarque minuscule. 


Given in a plane or in space two segments AB, A’B’; then if 4A’, BB are 
o . AC AB_ BD ; : : 
divided in Cand D so that Ci AB DB’ the straight line CD is parallel 
to the bisector of the segments AB, A’B’. If A coincides with A’ we have 
the fundamental property of the bisector. G. Darpovux. 
168, [P.1.£] A geometrical construction. 
Lines on a sphere are projected from any point O on to the polar plane of 


0. Give a simple geometrical construction for the angle between two small 
circles whose projectious are two given straight lines. 


Solution. 


Let the re plane of O meet the sphere in a circle 7 whose centre is C ; 
VB be the given straight lines. Let CV meet in JM the polar 
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NAB of V with respect to 7. Let a circle with centre V orthogonal to j 
meet CV in W. AWB is the angle required. H. Hitton. 


169. [K. 21. b.] An approximate construction for the trisection of an angle. 
Let ABC be the angle to be trisected. 

Draw YHMO parallel to the bisector of ABC intersecting AB in H. 
Draw BY perpendicular to YO. 

Find Z on AB and M on YO, equidistant from H, so that LM=2BY. 
With centre B, radius BZ, describe a circle cutting YO in 0. 

Bisect the angle MBO by BX’. 

Bisect the angle 4 BX’ by BR cutting YO in Z. 

Draw ZT perpendicular to BR and equal to YB. 

Draw 7'X parallel to BR. 

This construction has reached me from a correspondent. 

He thinks that BX is one of the lines of trisection. The error is }Y BX’. 


3rd April, 1905. W. H. H. Hupson. 


REVIEWS. 


Lectures on the Calculus of Variations. By Oskar Bouza. Pp. 
xv+271. The University of Chicago Press, 1904. [Decennial Publi- 
cations of the University of Chicago, Second Series, volume 14.] 

The methods of the Calculus of Variations have been almost entirely 
recast during the last 33 years: in this subject, as in most other branches 
of analysis, the first advances were deficient in rigour. The critical 
revision of the foundations was undertaken first by Weierstrass, who 
gave ten courses of lectures on the subject (1865-1889); and, from 
statements in Professor Bolza’s book (§§ 24, 28), it appears that Weier- 
strass’s chief discoveries were given in his courses of 1872 and 1879. 
In the former, the parametric method was used ;* in the latter, it was 
shewn that the three conditions previously known to be necessary for a 
minimum must be supplemented by a fourth condition ; and these four 
conditions were proved to be sufficient, a conclusion which could not 
be obtained from the older methods (see Bolza, §17). Professor Bolza 
had the privilege of hearing the first exposition of these discoveries, 
which mark an epoch in the history of the subject. 

For some 16 years Weierstrass’s work remained generally unknown 
in this country; but in 1895-6, Professor Forsyth inaugurated a course 
at Cambridge on the subject. Since that date, Kneser has published 
his text-book (in 1900), and convenient summaries are now available ;+ 
besides which, a number of articles have appeared in the American 
Mathematical Journals. Last year, too, Professors Hancock and Bolza 
published courses of lectures, one of which is the subject of this review. 

According to Professor Bolza’s preface, his book originated in lectures 
delivered at the 1901 summer meeting of the American Mathematical 
Society ; although the work has been somewhat modified to make it 





* It does not appear to be certain whether Weierstrass had used this method in 
any earlier courses ; according to the table of lectures given in Bd. 3 of Weier- 
strass’s works, the course in 1872 was his fourth on the subject. 


+ Encyclopaedia Brit., vol. 33 (by Professor Love); and Encyclo. d. Math. Wiss., 
Bd. 2 (by Kneser; Zermelo and Hahn). 
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suitable for a text-book. Turning now to details, the theory of mini- 
mising the integral 


(1) [iF (x, y, y')da, (y' =dy/dz). 


is contained in chapters 1-3; and here I would direct special attention 
to the careful tabulation (pp. 101, 102) of the sufficient conditions in 
contrast to the necessary conditions.* Chapters 4-6 give the correspond- 
ing theory, in Weierstrass’s parametric form, for the integral 


(2) ['Fe y, v, y)dt, (a =dz/dt, y’ =dy/dt). 


Chapter 5 contains Kneser’s theory, which depends on an extension of 
Gauss’s theorems on geodesics ; chapter 6 the theory of isoperimetric 
(or relative) problems. Chapter 7 (the last) gives an account of Hilbert’s 
theorem on the existence of solutions of minimum problems, under 
certain restrictions on the function PF. 

That Professor Bolza is a pupil of Weierstrass’s may be seen from 
every page of this work; but he is not merely content to reproduce 
Weierstrass’s results, he revises them where necessary.t But personally 
I am inclined to regret that Professor Bolza did not see his way to 
make more use of Hilbert’s invariant-property (§§21, 37) that the 
integral 


[[l%@ Y; P) + (y — p) F(x, y» p)]aa, (y a dy/dz). 


is independent of the path;{ for this property leads to very attractive 
proofs of the leading theorems of the subject. In particular the com- 
plicated analysis belonging to the theory of the second variation may 
be avoided ; for details I refer to Hedrick’s article, quoted above. 

It may seem strange to English readers, accustomed to the text- 
books of Todhunter and Williamson, that Bolza restricts the theory to 
integrals of the types (1), (2), which contain no derivates beyond the 
first. There are two reasons for this; first, hardly any practical 
problems contain higher derivates ; secondly, the theory for such cases 
is not so complete. Perhaps, too, some may be sceptical about the 
weakness of the older methods; I therefore refer briefly to one 
objection. Up to 1879, it was invariably assumed that a small 
displacement of a curve involved a small change in shape also; but 





*Compare E. R. Hedrick, Bull. Amer. Math. Soc., vol. 9, 1902, p. 23. Note 
that necessary and sufficient conditions are known for the integral (2), but not 
for (1). 


+I quote from a review by Stickel in the Archiv der Math. u. Phys., Bd. 8, 
1904, p. 259: ‘* Nicht der ist ein treuer Schiiler von Weierstrass, wer kritiklos 
hinnimmt, was dieser gelehrt hat, sondern wer bemiiht ist, nach seinen Kriften 
die Teile der mathematischen Wissenschaft zu férdern, die dem Meister am 
Herzen lagen.” 


t Here p(x, y) is a one-valued function of x, y, such that y’=p(zx, y) is a first 
integral of the differential equation of the problem arising from the integral (1). 
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this assumption really limits the variations permissible.* Thus the 
old theory admits, as a variation of the axis of z, a curve of small 
ordinates, only if the slope and curvature are also small; but it excludes 
the curve obtained by drawing a succession of small semi-circles on 
alternate sides of the axis. 

After becoming acquainted with the Weierstrassian parametric 
method, one is tempted to regard the methods based on the integral 
(1) as out-of-date and incomplete. But, as Bolza remarks in a 
footnote on p. 115, the two methods really apply to different 
problems; the parametric being specially adapted to geometrical 
problems, and the other to analytical problems, where y is to be 
found as a function of z. I may illustrate this contrast by Weier- 
strass’s theorem (p. 142) that the integral (2) has no minimum if F 
is rational in 2’, y'; but, on the contrary, the integral (1) may 
have a minimum, even though F is rational in y, provided y 1s 
restricted to be a one-valued function of x. For example, the integral 

1 

(dy/dz)*dz has a minimum given by y=a, if the terminal conditions 

0 
are y=0 for c=0, and y=1 forz=1. But the equivalent parametric 


integral | (y’2/x’)dt, taken from (0, 0) to (1, 1), has no minimum.t 


The last example recalls a more celebrated one which might have 
been mentioned by Bolza in connection with his account of Hilbert’s 


1 
existence-theorem ; I refer to the integral [ 2*@ylaayae, with the 
0 


same end-conditions. As Weierstrass shewed in 1870, the differential 
equation derived from this integral admits no continuous solution with 





* Expressed analytically, the old assumption amounts to taking variations of 
the type e¢(x), where e is small and ¢(x) is arbitrary, but does not contain e. 
This would exclude esin(x/e). Variations such as e¢(x) are now called weak 
variations. 

+ For, put y=a+é, where ¢ is a continuous one-valued function of x, which is 
zero for x<=0 and x=1; then, after integration, we find that the first integral 


becomes "1 1 
| (dy | dx)*dax=1+ / (del dade, 
0 


shewing that $=0 makes the integral a minimum. But in the parametric form 
the same transformation gives 


/ ‘(yJx)dt=1+ / ‘@%/x) at; 


and, as x’ may now be negative, the minimum property no longer holds. In 
particular, consider the ‘‘ curve” of zig-zag straight lines given by 








n+1 — 
w=7 ah y=0, fem t=8 to = | 
n—-1 n+l 
x=1-t, y=nt—4(n-1), from t= 2n = 2n =? 
n+l 2 n+1 
e=-—jt->— y=1, from t= to 1 | 


This curve makes the value of the parametric integral -n; and hence, as” is not 
limited, the integral can have no minimum. Of course, on this curve, y is not 
a one-valued function of x. 
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the given end-conditions; further, by taking* 96= arc tan (zx tan 6), 
where @ is slightly less than 47, the integral may be made arbitrarily 
small, leading to the inference that it has no minimum (because 
y=const. does not satisfy the end-values). This example shews that 
Hilbert’s existence-theorem for the integral (1) fails if o?F/oy? is 
zero, even once, in the range of the integral. From a historical stand- 
point, this example is also of interest, for it first exposed the fallacy 
on which “Dirichlet’s principle” was based by Lord Kelvin and 
Dirichlet ;+ and, in a sense, it may be said that this example led to 
Hilbert’s theory, as he seems to have been guided by the hope of 
resuscitating the Kelvin-Dirichlet method. { 

In conclusion, it may be said that an excellent feature of Bolza’s 
book is the systematic use of special problems to illustrate general 
theorems; but the addition of an index to these problems (as in 
Kneser’s book) would have rendered the book more useful to one 
who needs to look up all the details of a particular problem. I 
heartily commend the book to any readers who wish for a connected 
account of modern results in the Calculus of Variations. T. J. I’a. B. 


Rational Geometry, based on Hilbert’s Foundations. By G. B. 
HatsteD. (New York: John Wiley & Sons, 1904, pp. 285.) 

Mr. Halsted has added one more to the list of the classics which he 
has made accessible. The present volume is more than a translation. 
The earlier part is an adaptation of Hilbert’s Grundlagen der Geometrie 
(also translated into French by M. Laugel and into English by Mr. 
E. T. Townsend). 

It may be said at once, and would doubtless be admitted by Mr. 
Halsted, that this book has little or nothing to do with school work. 
School geometry must be based upon intuition, which Hilbert and Mr. 
Halsted exclude. At the same time it is well that some schoolmasters 





*I note, incidentally, that this value of y makes [ie + cot 70) (dy/dx)*dx a 
minimun, if y is restricted to be a one-valued function of x. In fact, if we write 
y=hare tan (x tan @)+é, 

& being subject to the same conditions as before, we find 
[ies cot?) (dy/dx)*dx= ; cot 0+ I, (a? + cot?6) (dé/ da)*da. 


+ Their argument is that the integral 
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taken through a volume on the boundary of which V is to have assigned values, 
must have a minimum because the subject of integration is never negative. 
Granting this assumption, the existence of a solution of the potential equation 
AV=0, with given boundary-values can be deduced. But the same argument 
applies to Weierstrass’s example, for which the corresponding conclusions are 
wrong ; because the integral has no minimum, neither has the differential equation 
a solution (with the given end-conditions). 








tIn his first account of the theory (Jahresbericht d. D. Math. Verein., Bd. 8, 
1900, p. 184), Hilbert says: ‘‘ Das folgende ist ein Versuch der Wiederbelebung 
des Dirichlet’schen Princips.” 
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should be acquainted with the line of thought here developed. We 
could have wished that Mr. Halsted’s plan had included a commentary ; 
the matter is set out with Euclidean severity, and the reader has to 
work hard. 

'  Hilbert’s first quarrel with the traditional geometry is about con- 
gruence. When is one finite straight line 4B (which Mr. Halsted calls 
“sect”) to be considered congruent with another sect XY? Euclid 
answers: When 4B can be moved so as to coincide with XY. But, of 
course, 4B must not alter in length while it is being moved. Now, 
what does this mean? It means that if 4’B’ is any portion of 4B 
during the translation, then 4’B’ is to be congruent with 4B. But 
what does congruent mean? This is just what we are trying to define. 
And we are arguing in a circle. “To try to prove the congruence 
assumptions and theorems with the help of the motion idea is false and 
fallacious, since the intuition of rigid motion involves, contains, and uses 
the congruence idea.” Todefine congruence of sects and angles without 
motion, Hilbert resorts to a set of assumptions. It is curious that he 
is forced to assume Euclid I. 4 as far as the equality of the base angles: 
he can then prove the equality of the bases. 

He is unable to prove the congruence of triangles which have con- 
gruent two pairs of angles, and a pair of sides not included (Euclids 
I, 26, Case 2). This appears to lead to a second ambiguous case, as 
would happen in the surface of a sphere. 

We learn that “no assumption about parallels is necessary for the 
establishment of the facts of congruence or motion.” Playfair’s axiom 
is adopted. 

The chapter on “constructions” is interesting. Apparently all 
figures whose existence can be deduced from the assumption admit of 
construction with ruler and “‘sect-carrier,” e.g. trisection of sect is 
possible, and trisection of angle impossible. Hilbert shows that there 
are constructions possible with ruler and compass which are not possible 
with ruler and sect-carrier. 

Coming to area, we find that the rejection of intuition leads us along a 
thorny path. For reasons which we dimly apprehend, Mr. Halsted 
refuses to associate numbers with sects (he never gives a numerical 
measure of the length of a line), and will have nothing to do with 
limits. (Hilbert is more generous.) Two polygons are defined as 
equivalent if they can be cut into a finite number of triangles congruent 
in pairs. After proving the equivalence of parallelograms in the same 
base and between the same parallels, Hilbert is seized with misgivings 
—perhaps all polygons are equivalent. These doubts are resolved, and 
the section ends with the demonstration that “a polygon lying wholly 
within another polygon must always be of lesser content than the latter.” 

A similar procedure is necessary in dealing with the volumes of 
polyhedra. The work on curved lines and curved surfaces appears to 
be due to Mr. Halsted. We cannot think that it attains the standard 
of rigour claimed for it. The circumference of a circle is stated to 
be + diameters, but we do not find any explanation of the meaning 
of (diameter zr). The idea of a limit must have crept in, The area of 
a sector of a circle is defined as the product of its are by half the radius. 
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“Product” is defined satisfactorily, and Mr. Halsted has a right to 
define “ area of sector” as he likes ; but this definition gives us no clue 
to what would be meant by the area of an ellipse, say. No general 
definition is given of the area of a curved surface; but in §453 we are 
told that the lateral area of a right circular cone is the same as that of 
a sector of a circle with the slant height as radius and an arc equal in 
length to the length of the cone’s base. Is this intuition ? or a latent 
definition? or a limit theorem? To unroll a conical surface into a 
plane would seem to be as objectionable as to wave a straight line. 
Again, the area of a sphere is defined as the quotient of its volume by 
one-third its radius. Has the area of a sphere so defined any relation 
to the area of a cone ? 

The volume of a sphere (or other curved surface) is virtually defined 
by Cavalieri’s assumption: “If the two sections made in two solids 
between two parallel planes by any parallel plane are of equal area, 
then the solids are of equal volume.” A sphere is then compared in an 
ingenious way with a tetrahedron. 

The statement on page 275, that no one has examined the primeness 
of 2?"+1 for values of m beyond 7, must be modified in the light of 
recent work by Colonel Cunningham and Mr. A. E. Western. 

Our parting impression is that Mr. Halsted has produced an interest- 
ing book, but has not entirely justified his prefatory remark, “Geometry 
at last made vigorous is also thereby made more simple.” C. G. 


Lessons in Experimental and Practical Geometry. By H. S. HALL 
and F. H. Stevens 1905. (Macmillan.) 


Within the lines laid down for it in the preface this little book may 
be cordially recommended. The illustrations are good, the letterpress 
clear and concise. The matter and the methods are purposely restricted, 
and the point of view is throughout experimental. The objects of the 
book are best qualified in the words of the preface: “ In the preface to 
our School Geometry it is suggested that a suitable introduction to that 
book would consist of ‘Easy Exercises in Drawing to illustrate Defini- 
tions ; Measurement of Lines and Angles; The Use of Compasses and 
Protractor ; Problems on the Construction of Triangles and Quadri- 
laterals: these problems to be informally explained and the results 
verified by measurement.’ It is the purpose of these Lessons to supply 
such a practical course.” G. H. Youne. 


Theory of Determinants. By R. F. Scorr, M.A. Second Edition. 
Revised by G. B. MatHews, M.A., F.R.S. Pp. 288. 9s. (Cambridge 
University Press.) 

In this new edition an effort has been made to make the book more 
suitable for beginners. To this end an introductory chapter is given 
and difficult notations are omitted from the more elementary parts. 
Two new chapters are introduced, one on elementary divisors and the 
other on determinants of infinite order. The chapter on quadratic 
forms has been enlarged to include the elements of bilinear forms, and 
occasionally one finds a new theorem introduced into some of the other 
chapters. Theorems which might have found a place are Schwein’s 
theorem, of which Laplace’s expansion theorem is a particular case, the 
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law of extensible minors, the law of complementaries, etc. By means 
of these many of the proofs might be shortened. Slight modifications 
occur here and there in the wording, due in part to the introduction of 
new matter and rearrangement of the old, and in part to clearer state- 
ments and simplified proofs. The book on the whole is comparatively 
little modified, but where changes have been made they are in general 
improvements. The theorem of article 17, chapter vi., attributed to 
Netto, was not new with him, and therefore should hardly bear his name. 
It is found in Reiss, which was published in 1867. W. H. MreTzLer. 


Elementary Algebra. Part I]. By W. M. Baker and A. A. 
Bourne of Cheltenham College. 1904. (G. Bell and Sons.) 

The strong point of this book is the large and varied assortment of 
examples, many of which are interesting and instructive. Here and 
there too the teacher will find an ingenious suggestion, as for instance 
the neat geometrical illustration (p. 312) of the result of adding equal 
quantities to each term of a ratio. 

But these valuable features are marred by what- must be termed the 
slovenly inaccuracy, often of expression and sometimes of substance, 
of the text. To prove the justice of this somewhat severe comment 
I might refer to the treatment of fractional indices, or of the binomial 
theorem for a negative or fractional index, or of partial fractions, or to 
such sentences as “draw PQ equal to 56 shillings.” 

A typical instance is offered by the attempt (§ 260) at a graphical 
solution of the problem: ‘‘A man mixes wine at 30s. a dozen with wine 
at 80s, a dozen. How many dozen of each kind must he take in order 
that a mixture of 60 dozen may be worth 50s. a dozen ?” 

A diagram is given in which price per dozen and number of dozens 
are plotted as coordinates and the solution begins “In the diagram O04 
is the graph of the 30s. wine.” 

The line OA (or in fact any line through the origin) has of course 
no more connection with 30s. wine than with wine at any other price. 

As further evidence § 325 may be quoted verbatim (a trifling mis- 
print excepted). 

** Approximation for the r™ root of a number. 

If “N=a+« where a is an approximation and consequently 2 is 
small, then a closer approximation is given by the formula 
UN (r+1)N+(r-1)a" | (1)” 
woe oo 
[Special case of r= 3, and numerical approximation to V2 follow. ] 


“ Proof of (1). 
(r+ IN +(r-1)a" _ (r+ )N4+(r- 1)[N" =] , 
G-DNG +e ose ~7 
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2rN-r.(r-1)aN ” 
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=a+2 approximately.” 


It will be observed that no hint or clue is given as to how the 
formula was discovered. It might be part of some system of revelation 
for all that a schoolboy could infer. Further the expansion is effected 
wrongly, some terms of the second order being omitted and some 
retained. 

Surely a preferable method would be to say that we seek an 

1 4 
approximation to N” closer than a in the form tig where 


y=N-a’. 





1+ : : ; 
i ee a in powers of y we find that if the series 
are to be identical as far as the terms in y? inclusive we must have 
ol r=] 
o> 2ra” :” ora 
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Expanding NV” and 





whence the result follows at once. The error in 


12r3 \a" 

Of course the result is still more easily obtained as a simple geome- 
trical application of Rolle’s theorem. 

Other quotations might be given, but enough has perhaps been said 
to show that among the recommendations of the Mathematical Associ- 
ation which the authors “follow to a great extent” (preface), that one 
which urges that great stress should be laid on fundamental principles 
is not so fortunate as to be included. C. S. JACKSON. 


7 4 3 
defect proves to be 7 ly .anearly, provided ” is < 1. 
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Einleitung in die Funktionentheorie, (1 Abteilung), von O. SToLz 
und I, A. GMEINER. 1904. 

This volume, the fourteenth of Teubner’s new mathematical series, is 
a continuation of the same authors’ Theoretische Arithmetik :* the two 
books will when completed form a new and much enlarged edition of 
the well-known Allgemeine Arithmetik of Prof. Stolz, and supersede that 
excellent work. 

The range of the present volume is more like that of Harkness and 
Morley’s Introduction to the Theory of Analytic Functions than that of any 
other English book. But it begins farther on and ends sooner, and the 
intervening ground is naturally covered with much greater thoroughness. 
So far as English readers are concerned it is only too likely that this 
book will fall between two stools. It is altogether too solid and 
systematic for one who is only beginning the theory of functions. On 





*See Math. Gazette, vol. II., p. 312. 
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the other hand it contains nothing which an expert in the subject 
ought not to know perfectly well already. Still for a student who has 
acquired a superficial knowledge of a number of different branches of 
the theory, one, let us say, who has just taken Part II. of the Mathe- 
matical Tripos, and is about to begin to study the subject seriously, it 
is difficult to imagine a type of book more profitable to read. The 
authors develop the theory in a thoroughly consistent and logical way ; 
they do not jump from one theory of functions to another, from Cauchy 
to Riemann, and from Riemann to Weierstrass, but proceed on strictly 
Weierstrassian lines throughout. So much is this the case that, in 
spite of the wealth of matter which the book contains, differential 
coefficients are only alluded to once or twice, and that quite incidentally, 
while the word ‘integral’ does not occur once. 

As in their former book, the authors include numerous examples. 
This custom, which seems, happily, to be spreading rapidly abroad, is no 
doubt a result of the influence of English books. But there is nothing 
‘English’ about the examples themselves. The authors adopt the 
excellent method of including among the examples all obvious corollaries 
and extensions for which there is no room in the text ; and, whenever 
any example presents the slightest difficulty, hints are given which 
remove it. There is not an example in the book which would puzzle 
a Cambridge mathematician, who knows anything about the subject, 
for five minutes. And, although no doubt we sin in the opposite 
direction, most people will probably think that in this respect the 
authors go too far; it would be better to exercise the ingenuity of the 
reader a little more. However, of their kind the examples are excellent, 
and include some of types which ought to be but are not in every 
English book upon the subject. 

There is not very much in the way of detail to which it is worth 
while to call attention. There is a serious logical error in the very 
first line, which recurs on p. 114. A variable, whatever it may be, is 
not a sign: it is what the sign denotes. How to define a ‘variable’ in 
strictly logical terms is no doubt a by no means easy question. But it 
is no more a sign than Prof. Stolz is his signature. On p. 26 the 
authors have missed an excellent opportunity of giving a short account 
of the general notion of ‘orders of infinity.’ Heine’s theorem concern- 
ing uniform continuity (pp. 52-55) may be deduced from a general 
theorem first explicitly stated by Dr. Baker. ‘If every point P of a 
certain region (in space of any number of dimensions) possesses the 
property that it can be enclosed in a small region such that, if Q is 
any other point within it, a relation (P — Q) holds, then the whole region 
can be divided into a finite number of regions, each containing at least 
one point P satisfying the relation (P — Q) with respect to all points Q of 
the sub-region within which it lies.’ This point occurs, for instance, 
in Goursat’s proof of Cauchy’s theorem ; and to state and prove it, and 
some similar general theorems, early in every book on the theory of 
functions would save a good deal of unnecessary repetition later on. 
The treatment of ‘fonctions 4 variation bornée’ (pp. 57-60) is parti- 
cularly simple and lucid. On p. 62 the authors are not very clear as 
to what they mean by the ‘ possibility of geometrical representation’ of 
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a function. The theorems proved on pp. 89-95 concerning multiple 
and repeated limits are very interesting, although they do not go very 
far. The sections on complex functions of a real variable and their 
geometrical representation (pp. 108-114) are interesting and might well 
be drawn upon by elementary English books, as might the examples 
(pp. 133-134). The brief account of ‘ Arithmetic Series’ and Interpola- 
tion is an excellent feature (pp. 160-171). The last chapter, giving an 
account of the Weierstrassian theory of Power Series, is really admir- 
able ; about the theory of Multiple Power series (pp. 219-236) just 
enough is said to whet the appetite for more. 

It is to be hoped that in the concluding volume the authors will 
have something to say concerning the fundamental relations between 
Cauchy’s and Weierstrass’s theories of functions. It is certain that the 
last word on this most interesting subject has not yet been said. 
Cauchy’s theory shews that the assumptions of the Weierstrassian 
theory are redundant. For in Cauchy’s theory we need only assume 
that a function has a derivative at every point; we need not even 
assume that this derivative is continuous, much less that higher deriva- 
tives exist. All these things can be proved. But in the Weierstrassian 
theory we assume far more than this, in another language it is true. 
Why should this be? What is there in the notion of the integral in 
virtue of which its introduction simplifies the assumptions of the 
theory so immensely ? G. H. Harpy. 


N. J. Lobatschefskij’s Imaginare Geometrie und Anwendung der 
Imaginaren Geometrie auf einige Integrale. Herausgegeben von H. 
LIEBMANN. (Teubner, 1904; pp. xi, 188.) 


These two memoirs are not of the same fundamental importance as 
some of Lobatschewsky’s work, but they are very interesting none 
the less, and Herr Liebmann has performed a real service to mathe- 
matics by translating them from the Russian and editing them in an 
intelligible form. One would gather from the editor's elaborate notes 
and from some remarks in the Introduction, which have an almost 
pathetic ring, that, if ever a mathematician needed careful editing, 
then, if not Sylvester, it was Lobatschewsky. His style, at any rate in 
these memoirs, is obscure and condensed to the verge of unintelligibility, 
and the details of his analysis often inaccurate ; the editor’s task must 
indeed have been arduous and somewhat thankless. 

In order to understand these memoirs it is essential to realise the 
peculiar point of view from which they were written. The author’s 
earlier work upon the subject, written in the synthetic and geo- 
metrical spirit more usually associated with his name, had been 
imperfectly understood, and to some extent called in question, in part 
on the ground of supposed absurd analytical consequences. Nettled 
by these criticisms Lobatschewsky returns to the subject from a 
different side. Laying down a priori certain relations supposed to hold 
between the sides and angles of a right-angled triangle, he deduces a 
complete and consistent system of trigonometrical formulae which he 
shows to lead by an imaginary transformation to the ordinary formulae 
of spherical trigonometry. He then devotes himself to applications of 
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the differential geometry of non-Euclidean space to analysis, and in 
particular to the evaluation of definite integrals, just as one might 
apply the elementary geometry of the Euclidean circle to the proof of 
the formula 

NG - dx =19ra*. 

0 
In each formula obtained by such quasi-geometrical methods, and 
verifiable by pure analysis, he sees a new confirmation of the logical 
possibility of his geometrical theory. This theory would not be called 
in question by anybody now, so that a good deal of his work is only 
of historical interest. 

At the same time, many of Lobatschewsky’s results are interesting 
in themselves. This is most true, perhaps, of his investigations of the 
volumes of certain figures in non-Euclidean space, cones, cylinders, 
and tetrahedra. 

But some of the integrals which he evaluates are interesting too ; 
such, for instance, as 
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where L(x)= - \, log cos xdz, 
0 
and so on. G. H. Harpy. 


Theorie der Elecktricitat und des Magnetismus. Vol. II. By J. 
CLasseN. (Hamburg: G. J. Géschen.) 

This is the second volume of Dr. Classen’s book, the first volume of 
which deals with electricity. The present volume deals with magnetism 
and electromagnetic theory. 

Dr. Classen is to be congratulated on the powerful, clear, and logical 
method which he has brought to bear on the subject. We have not 
space to give an account of the whole book in detail, but he points out 
in a satisfactory way the limitations and assumptions involved in 
several propositions generally accepted. In particular, in his treatment 
of magnetic hysteresis he avoids the fallacy which unfortunately has 
crept into so many books, of starting with an energy function, and by 
curiously distorted reasoning, showing that it leads to a loss of energy 
in going round a cycle. The facts show that there is no definite ex- 
pression for the energy, and Dr. Classen is careful to point out that any 
expression for the change of energy which leads to loss in a cycle must 
be regarded as an assumption which requires direct experimental proof. 

G. W. WALKER. 
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Schatten-konstruktionen. By Pror. J. VonpERLINN. Pp. 118. Price 80 
pf. (Leipzig, G. J. Géschen.) 


This little book is of a somewhat technical nature. It is customary, in archi- 
tectural diagrams, to suppose that all objects represented are illumined by a 
parallel beam of light inclined at an angle of 35° 15’ both to the horizon and the 
plane of the drawing; and the object of this treatise is to provide a series of rules 
for filling in the boundaries of the shadows. These boundaries are of two kinds: 
those analogous to the terminator of the crescent moon (Selbstschattengrenze), 
and those analogous to the edge of the earth’s shadow on the moon during a 
partial eclipse (Schlagschattengrenze). The methods given for finding the 
boundaries in the two cases are clear, and the illustrations cover a wide range of 
possible cases—mouldings, screws, surfaces of revolution, and soon. The reader 
will tind some interesting geometrical exercises, if he sets himself to give a proof 
of the constructions used. H. H. 


Uber die Anwendungen der darstellenden Geometrie, inbesondere 
Sher die Photogrammetrie. By Frieprich Scuitunc. Pp. iv+198. 
(Teubner. ) 


This is a series of three lectures read at Gittingen to schoolmasters during the 
Easter Vacation of 1904. The author’s object is to suggest suitable subjects for 
exercise in geometrical drawing, and to show that a wide range of problems can 
be solved by elementary graphical methods. The illustrations are selected from 
fourteen ditferent branches of science, but the construction of stereographic and 
orthogonal crystal diagrams, of drawings in perspective, etc., are dismissed in a 
few pages as being familiar to all, and but little more space is allotted to 
graphical statics, optical illusions, machinery, astronomy, and so on. In fact the 
only subject discussed in detail is photogrammetry, i.e. the art of constructing a 
map of a district or a plan of a building with the help of photographs taken from 
two different points of view. In the case of a building of which we know that 
certain lines are horizontal or vertical, and that certain angles are right angles, 
one photograph may suffice. The book is artistically Leone and illustrated ; it 
will be read with great pleasure by anyone interested in perspective and other 
applications of geometrical drawing. There is a short appendix on the use of the 
magic lantern in mathematical teaching. H 


Neue Beitrage zur Frage des math. und phys. Unterrichts an 
den hoéheren Schulen. Theil I. By Von F. Kiery, E. Riecke and others. 
Pp. 190. (Teubner.) 


This is a collection of papers read to schoolmasters at Gottingen during the 
Easter Vacation of 1904. Several of them have been published before (see Math. 
Gazette, Dec. 1904, p. 113); to these are added five others. E. Riecke gives an 
interesting sketch of the development of theory and of the most recent researches 
in electricity. O. Behrendsen advocates an early introduction of mechanics and 
the principle of energy into the school science syllabus. J. Stark asks that a 
course in physics should inflict less strain on the memory, should include only 
simple experiments, and should lay stress on the applications of the subject. 
E. Bose gives a suitable course of instruction and list of apparatus for practice in 
experimental dexterity. K. Schwarzschild describes some fairly simple apparatus 
for carrying out rough astronomical measurements, more useful perhaps in an 
amateur’s study than in the schoolroom. H. 


A New Geometry for Junior Forms. By S. Barnarp and J. M. Cuinp. 
Pp. 304. 1904. (Macmillan & Co.) 


This book is based on the more elementary parts of 7'he New Geometry for 
Schools. It is divided into an ‘‘introductory section” containing very simple 
exercises with ruler, compasses, protractor, etc.; a ‘‘ practical section with com- 
a proofs” ; and a ‘‘ theoretical section” covering the ground of Euclid, Books 

. and III., 1-31. The middle section contains some valuable exercises in 
geometrical drawing, but may give the beginner very slovenly ideas as to what a 


‘* proof” should mean. H. H. 
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Methodisches Lehrbuch der Elementar-Mathematik. Erster Theil. 
By Gustav Ho“zMUtLer. Pp. xi+319. 1904. (Teubner.) 

England is not the only country which is aftlicted with the Euclidean con- 
troversy. The preface to the fourth edition of this well-known text-book is 
devoted almost entirely to the theory of geometrical teaching. The author 
substitutes a discussion of fundamental notions and a series of exercises in 
geometrical drawing for formal definitions, postulates, and problems. These 
pave the way for theorems .based on congruence and symmetry, and thus most 
of Euclid I-VI is covered in an order very different from that adopted in this 
country. The remainder of the book is more English in its methods, except 
that Arithmetic and Algebra are taught side by side; a pleasing feature made 
possible by the use of a metric system. Indices and logarithms are included 
in the course, but progressions are absent. ‘Twenty pages are devoted to the 
elements of trigonometry, and fifty to mensuration and exercises in perspective 
drawing; the examples in the latter part are mostly those useful in crystallo- 
graphy. Hw. &. 


An Introduction to Elementary Statics (treated graphically). By R. 
NetrELt, M.A. 2s. (London, Edward Arnold.) 

This Introduction to Elementary Statics consists of a number of examples to be 
solved by drawing force diagrams and then measuring. The collection shows 
only too clearly the main drawback to a purely graphical treatment—that 
principles are lost sight of, when the method is applied to many similar examples. 
The author might have gone further afield in making choice of his examples, and 
we hardly think that he has fulfilled the proposal “expressed in the preface of 
‘**choosing, as far as possible, examples connected with familiar objects to every 
schoolboy.” A claw-hammer, a bell crank lever, a letter weighing machine, a 
skylight window, and other familiar objects suggest themselves to one who has 
glanced through the pages of this book. R. M. M. 


Elementary Geometry of the Straight Line, Circle, and Plane Recti- 
lineal Figures. By Crectn Hawkrys. Part Il. Pp. 167-296. 2s. 1904. 
(Blackie. ) 

We fear that quite innocently on our part we may have done some slight 
injury to the circulation of Mr. Hawkins’ Geometry by a remark made on p. 144. 
The copy sent us from the publishers contained no answers, and naturally we 
commented adversely on the publication of this excellent edition without the 
numerical results. We now learn that the book is published with and without 
answers, the price in both cases being the same. We sincerely hope that owing 
to this oversight on the part of the publishers we have not induced any teachers 
to pass over a book of which we have otherwise spoken in terms of praise. 


Logarithmic Plotting Scales. Astoy & MANpek, 61 Old Compton Street. 

These are boxwood scales graduated with values of logarithms, log 10 or unity 
being represented by 10 inches. They are intended for use in graphical work 
illustrative of the leading properties of logarithms. 

A straight line is so much more easily drawn than any other locus that it is 
often worth while to transform an equation so that the corresponding graph 
becomes a straight line. 

Thus, if v= wu” and we plot «=logu, y=logv, we have a ‘‘ logarithmic” graph 
which is a straight line. 

Again, if v=ae", and we put log,,e=m, log, a=0, «=u, y=log,)v, and plot 
x and y, we obtain a semi-logarithmic graph which is a A i. line. Paper 
ruled accurately, either logarithmically or semi-logarithmically, can be obtained 
from Messrs. Pye, Cambridge, and probably from other makers, and is most useful 
for important work, but it is rather expensive for use in class, ‘and these scales are 
intended to furnish a substitute. 


Mathematical Apparatus, Instruments, etc. 

We have received from Messrs. George Philip & Sons a box of wooden models 
dissected, which has been prepared by Mr. Thorold Gosset for the practical 
demonstration of various geometrical theorems. The six theorems which the 
models are primarily intended to demonstrate are: Euc. I. 36, 41, 38, 43, 
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47, and VI. 8, Cor. 1. They can also be used for superposition proofs, 
for proofs of I. 4, 8, 26, ete. The price of the box is four shillings, but the 
carpenter’s shop or scissors and cardboard will in a quarter of an hour 
provide as many copies of the models as are required for class work, for 
it is of considerable importance that the models shall be handled by the 
pupil. We cannot help feeling that the class that has used these models 
will of its own free will and accord demand to construct its own models for 
Book II., and for other purposes. Messrs. Lilley & Son, Forest Works, 
Dalston, N.E., send a useful Radianometer of transparent celluloid In form it 
is like the ordinary protractor, but is graduated in radians and decimals of a 
radian, instead of in degrees, etc. Radians can be plotted accurately to two 
places of decimals, and to three places with considerable precision. It will be 
found especially useful for plotting harmonic curves, and curves representing the 
motion of slide valves. It is only one shilling. The same firm also provide a 
tive-inch slide rule, in case, for seven shillings. They have a slide rule 10% inches 
long, with a clear space of 2 of an inch at each end, enabling the cursor to be 
used firmly at both ends; a strip of celluloid at the back of the rule is introduced 
for the purpose of counteracting any tendency to warp. Their cheap boxwooid 
slide rule in a case, at 4s. 6d., should have a sale in schools and technical insti- 
tutes. It is fitted with a transparent celluloid cursor. They also send us a 
capital little snap case of instruments (No. 710), which should certainly be con- 
sidered by those who are choosing cases of instruments for their classes. The 
case contains double-jointed Bow Compasses, titted with fine sewing needles, with 
adjustable pen and pencil points and lengthening bar, divider, drawing pen, etc. 
The instruments are steel-jointed, and seem very good value for the money 
(7s. 6d.) We note that this firm proposes shortly to issue geometry models in 
celluloid. To these we look forward with great interest. Wr. W. J. Brooks, 
of 33 Fitzroy Street, W., sends us a novelty in the shape of a parabola curve 
in transparent celluloid, with the axis, focus, and latus rectum engraved on it. 
This will be found of use in teaching Geometrical Conics, and we may add that 
it is accurately constructed for use on squared paper, one inch unit. In teaching 
graphs its use is obvious. Mr. Brooks also sends pattern A of the Flexible 
Curves for draughtsmen. It is a flexible strip of celluloid, with tabs at intervals 
along its length, and is eight inches long. The curve is held down in the 
required position by the fingers on the tabs. The other patterns are self- 
clamping, reversible, and can be used for symmetrical drawings. These curves 
are made in several styles, according to the work for which they are required. 


COMMISSIONS FOR LONDON UNIVERSITY 
CANDIDATES. 


SPECIAL REQUIREMENTS FOR CANDIDATES FOR THE 
ROYAL ARTILLERY. 


A University candidate for a commission in the Royal Artillery must 
produce satisfactory evidence that he has attained the standard of Mathe- 
matics required of a candidate for admission to the Royal Military Academy, 
which is as follows :— 

(A.) ELemenrary MATHEMATICS. 
(For the “ Leaving” or “ Qualifying” certificate.) 

Arithmetic.—The ordinary rules, with applications more especially to the 
mensuration of plane figures and solids. The metric system and the use of 
decimals in approximate calculation, with contracted methods, will be 
specially insisted upon. 

Neither the extraction of the cube root nor the use and theory of recurring 
decimals is required. 

Neatness and accuracy of working are expected ; and the methods of solution 
employed must be clearly indicated. There will be no objection to the intelligent 
use of algebraic formule and symbols. 
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Geometry.—The elements of geometrical drawing and practical geometry. 

The substance of Euclid, Books I., II., III., and a working knowledge of 
as much of the properties of similar figures as is necessary for plan-making, 
map-drawing, and simple problems in mensuration. 

Algebra.—To simple quadratic equations ; the elementary use of graphs, 
particularly in connection with linear aud quadratic functions. 

The papers will be set to test knowledge of fundamental principles and 
readiness in application to simple practical problems. The solutions of 
equations must be worked out to a few significant figures; and candidates 
must be accustomed to test the accuracy of solutions by substitution. Skill in 
elaborate analysis, such as the simplification of complicated fractions, will not 
be looked for. 

PracticaL Work. 

Measurement of length—verniers, calipers, micrometer, screw-gauge sphero- 
meter. 

Measurement of angles—use of protractor, etc. 

Measurement of areas—by dimensions, by squared paper, by weighing ; 
area of cross-sections of a tube, calibration of a tube. 
by dimensions, by graduated jar or burette. 





Measurement of volume 
Measurement of weight—-use of balance. 
Principle of Archimedes—-volume by weighing. 
Specific gravity. 

(B.) Martuematics I, 


(In the Competitive Examination for admission to the Royal Military 
Academy.) 


Arithmetic.—As in elementary mathematics, with more difficult questions, 
and exercises involving the use of four-figure logarithms. Use of the slide 
rule. 

Geometry.—Geometrical drawing and practical geometry of plane figures, 
including the use of Marquois and other scales. 

The substance of Euclid, Books I. to VI.* The special treatment of 
incommensurables will not be required. 

Proportion may be treated algebraically, and the complications of Euclid’s 
definitions and nomenclature avoided. 

Algebra.—As in elementary mathematics, together with indices and the 
simpler properties of surds; graphs of the simpler algebraic functions ; 
theory of quadratic equations: use of graphs in solving equations, and in 
illustrating and solving practical questions ; rate of variation of a function 
and gradient of a graph ; graphic interpolation. 

Grasp of elementary principles and readiness tin practical application will 
be looked for, but great skill in analytical transformations will not be de- 
manded. 

Trigonometry.—Up to and including solution of plane triangles ; graphs 
of trigonometrical functions ; use of four-figure tables. 

Readiness in straightforward practical applications, but no great analytical 
skill will be demanded. 

Dynamics.—Graphical proof of formule for uniformly accelerated motion— 
impact, work, energy, circular motion. 


*Schedules A and B of geometry issued by the University of Cambridge may be 
referred toas indicating the scope required, 
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Statics.—Composition and resolution of forces ; parallel forces ; centre of 
gravity ; three-force problems; friction; mechanical powers, e.g. lever, 
wedge, pulleys, ete. 


PracticaL Work. 


Experimental verification of the above theoretical work such as the 
measurement of velocity, impact, work, energy, etc. Exercises in drawing 
useful graphical demonstrations. Construction of the mechanical powers. 


COLUMN FOR “QUERIES,” “SALE AND EXCHANGE,” 
“WANTED,” ETC. 

(1) For Sale. 

The Analyst. A Monthly Journal of Pure and Applied Mathematics. 
Jan. 1874 to Nov. 1882. Vols. L.-IX. Edited and published by E. Henp- 
ricKs, M.A., Des Moines, U.S.A. 

{With Vols. V.-IX. are bound the numbers of Vol. I. of The Mathematical 
Msitor. 1879-1881. Edited by Arremas Martin, M.A. (Erie, Pa.)] 

The Mathematical Monthly. Vols. 1.-ITI. 1859-1861 (interrupted by the 
Civil War, and not resumed). Edited by J. D. Runxur, A.M. 

Proceedings of the London Mathematical Society. First series, complete 
Vols. 1-35. Bound in 27 vols. Half calf. £25. 

Cayleys Mathematical Works. Complete, equal to new, £10. Apply, 
Professor of Mathematics, University College, Bangor. 

The Mathematical Gazette. Nos. 7-18 inclusive, £1. No. 8 is out of print 
and extremely scarce. 

(2) Wanted. 

The Messenger of Mathematics. Vols. 24, 25. 

Tortolin’'s Annali. Vol. 1. (1850), or any of the first eight parts of the 
volume. 

Carr’s Synopsis of Results in Elementary Mathematics. Will give in 
exchange: Whewell’s History (3 vols.) and Philosophy of the Inductive 
Sciences (2 vols.), and Boole’s Differential Equations (1859). 

Mathematical Questions and Solutions from the Educational Times. Vol. 18. 

Cayley’s Collected Mathematical Papers. Vols. VII.-XI111. 


BOOKS, ETC., RECEIVED. 

Uber die Anwendungen der darstellenden Geometrie, inbesondere iither dic 
Photogrammetric. By F. SCHILLING. pp. vi, 198. 5m. 1904. (Teubner.) 

Neue Beitriiye zur Frage des Mathematischen und Physikalischen Unterrichts 
an den Héheren Schulen. By O. BEHRENDSEN, E. Bosk, E. Gorrrnc, F. Kier, 
EK. Riecke, J. Stark, K. Scaowarrzscuitp. Teil I. pp. viii, 190.. 3.60m. 
1904. (Teubner.) 

Elements of Mechanics. By M. MERRIMAN. pp. 172. $l net. 1905. (Wiley; 
Chapman & Hall.) 

A Manual of Quarternions. By C.J. Jory, F.R.S. pp. viii, 320. 10s. 1905. 
(Macmillan. ) 

Blackie’s New Concentric Arithmetics. sook I. and II. By D. M. Cowan. 
pp. 64, 64. 3d. each. 1905. (Blackie.) 


GLASGOW > PRINTED AT THE UNIVERSITY PRESS BY ROBERT MACLEHOSE AND CO, LTD, 








